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In mid-2022 I initiated a line of work to formalise material in additive 
combinatorics, on the structure of sumsets of finite subsets of abelian 
groups. 

(See my invited talk in the proceedings of the 14th Conference on 
Interactive Theorem Proving (ITP 2023) 
DOI: 10.4230/LIPIcs.ITP.2023.1)
 



  

Basic definitions:



  

* Case studies to explore limits of formalisation: material combining 
different areas 

* Advanced material, relatively recent research results but very simple 
prerequisites (some of which had to be built by us) 

* Using source material from the Cambridge Mathematical Tripos

* Working with mathematics students too

* Contribution to the Isabelle libraries of formalised mathematics (AFP)

My motivation:



  

* Personal interest in this area of mathematics: 

material provides tools for the study of the active research area of arithmetic 
progressions in integers.

Note: we have already formalised Roth’s important Theorem on Arithmetic 
Progressions.

My motivation:



  

Used the experimental abstract algebra library by Clemens Ballarin (“A Case 
Study in Basic Algebra”, 2019) available on the AFP, instead of the standard 
algebra library. Makes heavy use of locales and follows Jacobson’s “Basic 
Algebra” book.

[Suggested by Lawrence Paulson]



  

- The Plünnecke-Ruzsa Inequality (A. K.-A. & Lawrence C. Paulson, 2022). 
-  Khovanskii’s Theorem (A. K.-A. & Lawrence C. Paulson, 2022).
- The Balog-Szemerédi-Gowers Theorem (A. K.-A., Mantas Bakšys and 
Chelsea Edmonds, 2022).

(Source: Introduction to Additive Combinatorics, Course notes for Part III
of the Cambridge Mathematical Tripos by W.T. Gowers (2022)).

- Kneser’s Theorem and the Cauchy-Davenport Theorem (Mantas Bakšys
& A. K.-A., 2022) 

(Source: DeVos, M. (2014). A Short Proof of Kneser’s Addition Theorem for 
Abelian Groups. In: Nathanson, M. (eds) Combinatorial and Additive 
Number Theory. Springer Proceedings in Mathematics & Statistics, vol 101.) 

 

AFP entries produced during the 2022 project:



  



  



  

Ruzsa

Plünnecke-Ruzsa



  

Khovanskii



  

Khovanskii

We treat tuples as lists.

Required  a development of a Product Operator for Commutative Monoids theory
(finite products in group theory) which was largely based on 
HOL/Algebra/FiniteProduct.thy. 



  

Khovanskii



  

Khovanskii



  

Kneser



  

Kneser

Induction on the cardinality of a finite set in an abelian group with the 
induction hypothesis applied to a finite set (of smaller cardinality) now in a 
quotient group of the original abelian group. 

Issue in formalisation: the quotient group and the original abelian group 
have carrier sets of different types. Our induction argument needs to 
generalise the types of the carrier sets of the abelian groups we are 
considering. 

Workaround solution: force the quotient group to live over the same type 
as the original abelian group by using the coset representatives as the 
group elements, and push all of the relevant information through this 
isomorphism. (thanks to Manuel Eberl via Zulip)



  

Cauchy-Davenport



  

Note:

Mantas Bakšys and Yaël Dillies later went on to formalise Kneser’s Theorem and the 
Cauchy-Davenport Theorem in Lean too.
(Joint paper in progress to compare the formalisations).



  

* A formalisation of the Balog-Szemerédi-Gowers Theorem in Isabelle/HOL 
(A. K.-A., Mantas Bakšys & Chelsea Edmonds, in CPP '23: 12th ACM 
SIGPLAN, International Conference on Certified Programs and Proofs ).

A profound result in additive combinatorics which played a central role in 
Gowers's proof deriving the first effective bounds for Szemerédi's Theorem
on arithmetic progressions. 

                                        Every finite subset of an abelian group of given
         additive energy must contain a large subset whose sumset is small.
 
                               New proof with better bounds on the cardinalities.

Balog & Szemerédi (1994):   
 

Gowers (2001): 



  

Balog-Szemerédi-Gowers:

(Analogous version for sumsets).

The proof involves a fascinating interplay between graph theory, 
probability theory, additive combinatorics: expressed via an 
implementation of locales, Isabelle’s module system.
Made use of a new, general undirected graph theory library by Edmonds.



  



  



  



  



  



  



  



  



  

: need for a new 
graph theory
library with suf.
abstract types 
(Ch. Edmonds)



  



  



  



  



  

Other recent formalisation work in additive number 
theory by my students at Cambridge, following
Nathanson’s book 

 - Ryan Shao: Part III (i.e. MPhil) 
Project in Advanced Computer 
Science:  “Formalisation of an Upper 
Bound for the Easier Waring’s 
Problem in Isabelle”, 2022-2023 
(Honours Pass with Distinction).

- Jamie Chen: Part II (i.e. 3rd year) 
“Formalising the Wieferich–Kempner 
Theorem in Isabelle/HOL”, 2022-
2023.



  

...just completed (summer 2023):

- Kevin Lee and Zhengkun (Chris) Ye, Cambridge 
Mathematics students (8-week internships with the 
support of the Cambridge Mathematics Placement 
(CMP) programme) formalised (versions of) the 
Polygonal Number Theorem in Isabelle/HOL.



  

Easier Waring’s Problem



  

Easier Waring’s Problem

(about 1400 lines of code)



  

Easier Waring’s Problem



  

Easier Waring’s Problem



  

The Wieferich-Kempner Theorem

(about 1100 lines of code 
BUT...)



  

The Wieferich-Kempner Theorem

Both the Wieferich–Kempner Theorem and the Polygonal Number Theorem build 
on Legendre’s Three Squares Theorem, which has been recently formalised in 
Isabelle by Anton Danilkin and Loïc Chevalier!



  

The Polygonal Number Theorem  

 Gauss

Cauchy

Legendre



  

The Polygonal Number Theorem  

Cauchy



  

Conclusion: Lessons learned

* Formalisation goals accomplished 

* Still yet to encounter any material impossible to formalise in simple type 
theory

* Advanced mathematics within reach

* Locales can be very useful (to capture interaction between different 
mathematical areas and to “cheat” by including unformalised material as 
assumptions) 

* The formalisation process can reveal the need for a higher level of 
abstraction in prerequisites (e.g. new graph theory library by Chelsea 
Edmonds)



  

Conclusion: Lessons learned

* Sledgehammer’s automation is practical and efficient

* Students can learn Isabelle very fast and formalise advanced material 
successfully

* Collaborative work, filling in library gaps

* We still need: better automation, efficient organisation and management of 
libraries (definitions, elementary properties and basics, advanced results)

* Our libraries can grow increasingly fast!



  

              Thank you

+ =
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