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Grothendieck Fibrations

(Xui)i∈I (Xj)j∈J C

I J Su

[1] J. Bénabou, Fibered categories and the foundations of naive category theory
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Grothendieck Fibrations

From Cat to fibered Cat Theory:

Concepts (completeness, locally small, well-powered,...)

Constructions (C ×D, CD, Cop, Fam(C), F/G,...)

Theorems (fibered adjoint functor theorem, relative version of
Giraurd’s theorem, ...)

Problem:

It is not easy.
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Plan

[2] M. Shulman, Slides: Large categories and quantifiers in topos theory
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Plan

A model is a lex site (S,W ) such that the self-indexing is a stack.

”Internal large categories” at least prestacks.

Examples:

(S, codis)
Pretopos with coherent topology.

Grothendieck topos with canonical topology.

[3] M. Shulman, Stack semantics and the comparison of structural and material set
theories
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The Language

Sequents:

Ξ ⊢ C : Cat Ξ ⊢ C ≡ D : Cat

Ξ ⊢ X : C0 Ξ ⊢ X ≡ Y : C0

Ξ ⊢ N : C1(X,Y ) Ξ ⊢ N ≡M : C1(X,Y )

Examples:

C : Cat, t : C0 ⊢ ∀x : C0.∃!f : C1(x, t).⊤ : Prop0

C : Cat, D : Cat, c : C0 ⊢ I0func(x.c, x.y.f. idc) : (CD)0

[5] M. Makkai, FOLDS
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The Language

Every category has the operations of a category.

Ξ ⊢ N : C1(X,Y ) Ξ ⊢M : C1(Y,Z)

Ξ ⊢M ◦N : C1(X,Z)

Ξ ⊢ C : Cat Ξ ⊢ X : C0

Ξ ⊢ idX : C1(X,X)

The equations of a category hold judgementally.

Ξ ⊢ C : Cat Ξ ⊢ N : C1(X,Y )

Ξ ⊢ N ◦ idX ≡ N : C1(X,Y )
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The Language

There is a category of sets.

Set : Cat

The category of sets comes with a fixed terminal object.

1 : Set0

Write a : A for a : Set1(1, A).

There is a category of propositions.

Prop : Cat
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The Language

Object introduction rules for Prop.

Example:

Ξ ⊢ C : Cat Ξ, x : C0 ⊢ ϕ : Prop0
Ξ ⊢ ∀x : C0.ϕ : Prop0

Included: ⊤,⊥,→,∧,∨, ∀ and ∃ over all types, = for morphisms.

Write P : ϕ for P : Prop1(⊤, ϕ).
Morphism introduction rules for Prop. Example:

Ξ ⊢ ϕ, ψ : Prop0 Ξ, p : ϕ ⊢ Q : ψ

Ξ ⊢ λp.Q : ϕ→ ψ

Category Constructors.
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The Language

Category Constructors:

Ξ ⊢ C : Cat Ξ ⊢ D : Cat

Ξ ⊢ C ×D : Cat

Ξ ⊢ C : Cat Ξ, x : C0 ⊢ ϕ : Prop0
Ξ ⊢ Full(C, x.ϕ) : Cat

Ξ ⊢ A,B,C : Cat Ξ ⊢ F : (CA)0 Ξ ⊢ G : (CB)0
Ξ ⊢ F/G : Cat

Ξ ⊢ A : Set Ξ, x : A ⊢ C : Cat

Ξ ⊢
∏

x:AC : Cat J : Cat
(J finite cat)

Ξ ⊢ C : Cat Ξ ⊢ D : Cat

Ξ ⊢ DC : Cat

Ξ ⊢ C : Cat

Ξ ⊢ Fam(C) : Cat
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Interpretation

1 Divide the context into a small and a large context.

Γ;Λ ⊢ J

2 Interpret Γ as an object in the base.

3 Choose values for the remaining variables in the large context Λ.

4 Interpret in [(S/Γ)op,Cat].

Γ ⊢ C : Cat JCK 0-cell in [(S/Γ)op,Cat]
Γ ⊢ X : C0 JXK object in JCK(idΓ)
Γ ⊢ N : C1(X,Y ) JNK morphism JXK → JY K in JCK(idΓ)

[4] M. Shulman, nLab, 2-categorical logic
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How Expressive Is The Language?

Internal: ”C is locally small”.

C : Cat ⊢ ∀x, y : C0.∃H : Set0.∃f : (
∏

h:HC)1((x)h:H , (y)h:H).

∀g : C1(x, y).∃!h : H.fh = g : Prop0

External meaning: ”C is locally small in the fibered sense.”
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How expressive is the language?

Internal: ”C has small products”.

C : Cat ⊢∀A : Set0.∀X : (
∏

x:AC)0.

∃P : C0.∃π : (
∏

x:AC)1((P )x:A, (Xx)x:A).

∀Y : C0.∀f : (
∏

x:AC)1((Y )x:A, (Xx)x:A).

∃!g : C1(Y, P ).∀x : A.πx ◦ g = fx : Prop0

External meaning: ”Every reindexing functor u∗ of C has a right adjoint∏
u and the right adjoints satisfy the Beck-Chevalley condition.”
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How expressive is the Language?

Prop. The fibered special adjoint functor theorem is true.

Proof.

Fix some lex base category S. The standard proof of the special adjoint
functor theorem is constructive and can be carried out in our language. In
particular the proof is valid in the model (S, codis). Externalising the
result gives us the fibered adjoint functor theorem for FibS . :)
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Separation Conditions

Def. Assume (S,W ) is a site. An indexed category C is 0-,1-,2-separated
when the functors to descent data are faithful, fully faithful, equivalences
respectively.

CΓ Desc(C, {ui : ∆i → Γ}i)
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Separation Conditions

Meaning of 0-separatedness?

Let Γ ⊢ N,M : C1(X,Y ). Then Γ ⊩ N =M iff N and M are equal on a
cover.

Γ ⊢ N,M : C1(X,Y ) Γ ⊢ P : N =M

Γ ⊢ N ≡M : C1(X,Y )
(ext)

Prop. (ext) is sound for C and all of its reindexings if and only if C is
0-separated.
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Separation Conditions

Meaning of 1-separatedness?

Ξ ⊢ P : ∃!f : C1(X,Y ).ϕ

Ξ ⊢ ιf.ϕ : C1(X,Y )

Ξ ⊢ ιf.ϕ : C1(X,Y )

Ξ ⊢ ∗ : ϕ[ιf.ϕ/f ]

Prop. When C is a prestack then definite description is sound for C.

Meaning of 2-separatedness?

Prop. When C is a semicoflexible stack then it satisfies ”1-definite
choice” from the internal perspective.
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Separation Conditions

Prop. When Γ ⊢ C : Cat is a stack then..

Γ ⊩∀D : Cat.∀F : DC .

⌜F is fully faithful and eso⌝ → ⌜F has an inverse⌝

Proof.

(classical) For each d : D choose some Gd : C together with an
isomorphism αd : FGd→ d...
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Prop. When Γ ⊢ C : Cat is a stack then..

Γ ⊩∀D : Cat. ∀U : DC .

(∀d : D. ⌜d/U has an initial object⌝) → ⌜U has a left adjoint⌝

Proof.

(classical) For each d : D choose an initial object ηd : d→ UFd in the
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Separation Conditions

When C is a globally defined semicoflexible stack:

⊢ C,D : Cat ⊢ F : DC ⊩ ⌜F pointwise has a right adjoint⌝
⊢ RF : CD

same assumptions

⊢ εF : (DD)1(FRF , 1D)

same assumptions

⊩ ⌜(RF , εF ) is a right adjoint of F⌝
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Set Constructors

Axiom (internal): ”Set has binary products”.

Ξ ⊢ A,B : Set

Ξ ⊢ R∆(A,B) : Set

Ξ ⊢ a : Set1(1, A) Ξ ⊢ b : Set1(1, B)

Ξ ⊢ ιp.(ε∆(X,Y )1 ◦ p = a ∧ ε∆(X,Y )2 ◦ p = b) : Set1(1,R∆(A,B))

Ξ ⊢ A,B : Set Ξ ⊢ p : Set1(1,R∆(A,B))

Ξ ⊢ ε∆(A,B)1 ◦ p : Set(1, A)
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Set Constructors

Axiom (internal): ”Set has binary products”.

Ξ ⊢ A,B : Set

Ξ ⊢ A×B : Set

Ξ ⊢ a : A Ξ ⊢ b : B
Ξ ⊢ (a, b) : A×B

Ξ ⊢ A,B : Set Ξ ⊢ p : A×B

Ξ ⊢ p1 : A
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Set Constructors

Internal characterisation of set constructors:

CwF (S) admits Internal characterisation

strong Σ-types ”Set is infinitary extensive”

binary product types ”Set has binary products”

extensional identity types ”Set has equalizers of pairs x, y : 1 ⇒ A”

singelton type ”Set has a terminal object”

empty type ”Set has a strict initial object”

weak sum types ”Set has coproducts”

Π-types ”Set has small products”
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Set Constructors

Internal characterisation of set constructors (when strong Σ-types and
finite limits are already available):

CwF (S) admits Internal characterisation

bracket types ”Set has coequalizers of pairs π1, π2 :
A× A ⇒ A and the coequalizers are
subsingelton sets”

effective quotient types ”Set has effective quotients of internal
equivalence relations”

natural numbers ”Set has a natural number object”
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